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ON LINEAR CHAOS IN FUNCTION SPACES
JOHN M. JIMENEZ AND MARAT V. MARKIN
Abstract. We show that, in Lp(0,∞) (1 ≤ p < ∞), the bounded weighted
backward shift operator (Tx)(t) = wx(t + a) (w > 1 and a > 0) and its
unbounded counterpart (Tx)(t) = wtx(t+ a) are chaotic. We also extend the
unbounded case to the space C0[0,∞) and analyze the spectral structure of
the above operators provided the corresponding spaces are complex.
1. Introduction
Extending the classical Rolewicz’s result [14] and the results of [11] for the sequence
spaces lp (1 ≤ p < ∞), we show that, in Lp(0,∞) (1 ≤ p < ∞), the bounded
weighted backward shift operator
(Tx)(t) = wx(t+ a)
(w > 1 and a > 0) is chaotic as well as its unbounded counterpart
(Tx)(t) = wtx(t+ a),
as announced in [11, Remark 3.1]. We also extend the unbounded case from the
sequence space c0 [11] to the space C0[0,∞) and analyze the spectral structure of
the above operators provided the corresponding spaces are complex.
2. Preliminaries
Definition 2.1 (Hypercyclicity and Chaoticity [3, 4]). Let
T : X ⊇ D(T )→ X
be a (bounded or unbounded) linear operator in a (real or complex) Banach space
(X, ‖ · ‖). A nonzero vector
(2.1) x ∈ C∞(T ) :=
∞⋂
n=0
D(Tn)
(T 0 := I, I is the identity operator on X) is called hypercyclic if its orbit under T
orb(x, T ) := {Tnx}n∈Z+
(Z+ := {0, 1, 2, . . . } is the set of nonnegative integers) is dense in X.
Linear operators possessing hypercyclic vectors are said to be hypercyclic.
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2 JOHN M. JIMENEZ AND MARAT V. MARKIN
If there exist an N ∈ N (N := {1, 2, . . . } is the set of natural numbers) and a vector
x ∈ C∞(T ) with TNx = x, such a vector is called a periodic point for the operator
T .
Hypercyclic linear operators with a dense set of periodic points are said to be
chaotic.
Remarks 2.1.
• In the definition of hypercyclicity, the underlying space is necessarily sepa-
rable and infinite-dimensional (see, e.g., [8]).
• For a hypercyclic linear operator T , the set HC(T ) of all its hypercyclic
vectors, containing the dense orbit of a vector hypercyclic under T , is
necessarily dense in (X, ‖ · ‖), and hence, the more so, is the subspace
C∞(T ) ⊃ HC(T ).
In [14], S. Rolewicz provides the first example of a hypercyclic bounded linear
operator on a Banach space (see also [8]), which on the (real or complex) sequence
space lp (1 ≤ p < ∞) or c0 (of vanishing sequences), the latter equipped with the
supremum norm
c0 3 x := (xk)k∈N 7→ ‖x‖∞ := sup
k∈N
|xk|,
is the following weighted backward shift:
T (xk)k∈N := w(xk+1)k∈N,
where w ∈ F (F := R or F := C) such that |w| > 1 is arbitrary. Rolewicz’s operators
also happen to be chaotic [7] (see also [8]).
The notions of hypercyclicity and chaoticity, traditionally considered and well stud-
ied for continuous linear operators on Fre´chet spaces and bounded linear operators
on Banach spaces, and shown to be purely infinite-dimensional phenomena (see,
e.g., [2,8,14]), in [3,4] are extended to unbounded linear operators in Banach spaces,
where also found are sufficient conditions for unbounded hypercyclicity and certain
examples of hypercyclic and chaotic unbounded linear differential operators. The
chaoticity of general unbounded weighted backward shifts in the Bargmann space,
which is a complex infinite-dimensional separable Hilbert space of entire functions,
is characterized in [6], where in particular, it is shown that the spectrum of such
operators is the whole complex plane C, with every λ ∈ C being an eigenvalue. In
[11], the Rolewicz-type weighted backward shift unbounded linear operator
Tx := (wkxk+1)k∈N,
where w ∈ F such that |w| > 1 is arbitrary, is shown to be chaotic in the (real
or complex) sequence spaces lp (1 ≤ p < ∞) and c0, with its spectrum, provided
the underlying space is complex, being C, every λ ∈ C being an eigenvalue (cf.
[12]).
For bounded linear operators, the following celebrated theorem is a convenient tool
for establishing their hypercyclicity.
Theorem 2.1 (Birkhoff Transitivity Theorem [8]). A bounded linear operator T
on a separable Banach space (X, ‖·‖) is hypercyclic iff its is topologically transitive,
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i.e., for any pair U, V of nonempty open subsets of X, there exists an n ∈ Z+ such
that Tn(U) ∩ V 6= ∅.
For unbounded linear operators, we use
Theorem 2.2 (Sufficient Condition for Hypercyclicity [3]). Let (X, ‖ · ‖) be a
separable infinite-dimensional Banach space and let (T,D(T )) be a densely defined
linear operator in X for which the operator Tn is closed for all n ∈ N.
Then the operator T is called hypercyclic if there exists
E ⊆ C∞(T ) :=
∞⋂
n=1
D(Tn)
dense in (X, ‖ · ‖) and a mapping S : E → E such that
(1) TS = I, (I is the identity mapping on E) and
(2) ∀x ∈ E: Tnx, Snx→ 0, n→∞, in (X, ‖ · ‖).
Definition 2.2 (Spectrum Classification). The spectrum σ(T ) of a closed linear
operator (T,D(T )) in a complex Banach space (X, ‖·‖) is the union of the following
three pairwise disjoint sets:
σp(T ) = {λ ∈ C | T − λI is not injective},
σc(T ) = {λ ∈ C | T − λI is injective and not surjective, but R(T − λI) = X},
σr(T ) = {λ ∈ C | T − λI is injective and R(T − λI) 6= X},
called the point, continuous, and residual spectrum of T , respectively (see, e.g.,
[5, 10]).
3. Bounded Chaotic Operator on Lp(0,∞) (1 ≤ p <∞)
Theorem 3.1. In the (real or complex) space Lp(0,∞) (1 ≤ p <∞), the bounded
weighted backward shift operator
(Tx)(t) := wx(t+ a), x ∈ Lp(0,∞), t ≥ 0,
where |w| > 1 and a > 0, is chaotic. Moreover, provided the space is complex,
σ(T ) = {λ ∈ C | |λ| ≤ |w|}
with
σp(T ) = {λ ∈ C | |λ| < |w|} and σc(T ) = {λ ∈ C | |λ| = |w|} .
Proof. Let U, V ⊂ Lp(0,∞) be arbitrary nonempty open sets. By the denseness
in Lp(0,∞) of the equivalence classes represented by p-integrable eventually zero
functions (see, e.g., [9]), there exist equivalence classes x ∈ U and y ∈ V represented
by such functions x(·) and y(·). Since these representative functions are eventually
zero, we can find a sufficiently large N ∈ N such that
x(t) = 0 and y(t) = 0, t ≥ Na.
For an arbitrary n ≥ N , the p-integrable eventually zero function
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zn(t) :=

x(t) t ∈ [0, Na),
w−ny(t− an) t ∈ [na,Na+ na),
0 otherwise,
represents an equivalence class zn in Lp(0,∞).
Observe,
Tnzn(t) := y(t), t ∈ [0, Na)
and
‖zn − x‖p = |w|−n‖y‖p → 0, n→∞
Consequently, for all sufficiently large n ∈ N, zn ∈ U and Tnzn = y ∈ V . This
shows that T is topologically transitive, and hence, by the Birkhoff Transitivity
Theorem (Theorem 2.1), is hypercyclic (see Figure 1).
Figure 1. Topological transitivity.
Now, we are to show that T has a dense set of periodic points. By the denseness
in Lp(0,∞) of the equivalence classes represented by p-integrable eventually zero
functions, it suffices to approximate any such a class by periodic points of T .
For any x ∈ Lp(0, Na) represented by a p-integrable on (0, Na) function x(·) and
an arbitrary N ∈ N, the following p-integrable on (0,∞) function
(3.2) xN (t) := w
−kNx(t− kNa), t ∈ Dk := [kNa, (k + 1)Na), k ∈ Z+,
represents a periodic point of T with period N .
First, xN ∈ Lp(0,∞). Indeed,∫ ∞
0
|xN (t)|p dt =
∞∑
k=0
∫
Dk
∣∣w−kNx(t)∣∣p dt = ∞∑
k=0
(|w|−pN)k‖x‖pp.
Considering that |w| > 1, the latter is a convergent geometric series. Hence xN ∈
Lp(0,∞).
Now, let y ∈ Lp(0,∞), represented by a p-integrable eventually zero function y(·),
be arbitrary. Then
∃n ∈ N : y(t) = 0, t > na.
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Let yN be the periodic point of T of an arbitrary period N ≥ n defined base on
y(·) as in (3.2).
Thus,
‖y − yN‖p =
∞∑
k=0
[∫
Dk
|y(t)− yN (t)|p dt
]1/p
=
∞∑
k=1
[∫
Dk
|y(t)− yN (t)|p dt
]1/p
≤
∞∑
k=1
|w|−kN‖y‖p = |w|
−N
1− |w|−N ‖y‖p → 0, N →∞.
This implies that the set Per(T ) of periodic points of T is dense in Lp(0,∞), and
hence, the operator T is chaotic.
Now, assuming that the space Lp(0,∞) is complex, we analyze the spectrum of T .
First, since, as is easily verified ‖T‖ = |w|, by Gelfand’s Spectral Radius Theorem
for bounded linear operators, (see, e.g., [10]),
(3.3) σ(T ) ⊆ {λ ∈ C | |λ| ≤ |w|} .
Let λ ∈ C with |λ| < |w| and a nonzero y ∈ Lp(0, a) with a representative y(·) be
arbitrary, then, as is easily verified,
(3.4) x(t) :=
(
λ
w
)n
y(t− na), t ∈ [na, (n+ 1)a), n ∈ Z+,
represents a nonzero class x ∈ Lp(0,∞) which satisfies the equation
Tx = λx.
Conversely, if the latter equation is satisfied, x is necessarily of the form given by
(3.4) with some nonzero y ∈ Lp(0, a) and |λ| < |w|.
Hence, x is an eigenvector associated with λ. Thus,
(3.5) σp(T ) = {λ ∈ C | |λ| < |w|} .
Considering that σ(T ) is a closed subset in C, we infer from (3.3) and (3.5) that
σ(T ) = {λ ∈ C | |λ| ≤ |w|} .
It remains to show that
σc(T ) = {λ ∈ C | |λ| = |w|} .
By [8, Lemma 2.53], T − λI has dense range, which implies that
σr(T ) = ∅
(cf. also [13, Lemma 1]), and hence, the prior equality. This completes the proof.

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4. Unbounded Chaotic Operator in Lp(0,∞) (1 ≤ p <∞)
Theorem 4.1. In the (real or complex) space Lp(0,∞) (1 ≤ p <∞), the unbounded
weighted backward shift operator
(Tx)(t) := wtx(t+ a), x ∈ Lp(0,∞), t ≥ 0,
where w > 1 and a > 0, with domain
D(T ) :=
{
x ∈ Lp(0,∞)
∣∣∣∣ ∫ ∞
0
|wtx(t+ a)|p dt <∞
}
,
is chaotic. Moreover, provided the space is complex,
σ(T ) = σp(T ) = C.
Proof. We first show that the operator T is unbounded.
Consider
(4.6) xn(t) := χ[n,n+1](t) :=
{
1, t ∈ [n, n+ 1],
0, otherwise
as a representative of a class xn ∈ D(T ). Note that
‖x‖p = 1, n ∈ N.
Then, since w > 1, for all sufficiently large n ∈ N,
‖Txn‖p =
[∫ ∞
0
∣∣wtx(t+ a)∣∣p dt]1/p = [∫ n+1−a
n−a
∣∣wt∣∣p dt]1/p
≥ wn−a →∞, n→∞,
which implies that T is unbounded.
Now, we show that, for each m ∈ N, the operator Tm is closed for each m ∈ N. Let
a sequence (xn)n∈N be such that
D(Tm) 3 xn → x ∈ Lp(0,∞), n→∞,
and
Tmxn → y ∈ Lp(0,∞), n→∞,
with xn(·), Tmxn(·), n ∈ N, x(·), and y(·) being corresponding representatives.
Then, the function sequences (xn(·))n∈N and (Tmxn(·))n∈N, being convergent in
p-norm, converge in the Lebesgue measure on (0,∞) (see, e.g., [9]), and hence,
by the Riesz theorem (see, e.g., [9]), there exist subsequences (xn(k)(·))n∈N and
(Tmxn(k)(·))n∈N convergent a.e. relative to the Lebesgue measure on (0,∞), i.e.,
xn(k)(t)→ x(t) (mod λ)
and
Tmxn(k)(t)→ y(t) (mod λ).
Therefore,
Tmxn(k)(t) = w
mt+
m(m−1)a
2 xn(k)(t+ma)→ wmt+
m(m−1)a
2 x(t+ma) (mod λ).
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By the completeness of the Lebesgue measure (see, e.g., [9]), we infer that
wmt+
m(m−1)a
2 x(t+ma) = y(t) (mod λ).
Which implies that
x ∈ D(Tm) and Tmx = y,
proving the closedness of Tm.
Let E be the set of the equivalence classes represented by p-integrable eventually
zero functions. Note that
E ⊆ C∞(T ).
Consider,
E 3 x 7→ (Sx) ∈ E ,
where the class Sx is represented by
(4.7) (Sx)(t) :=
{
w−(t−a)x(t− a) t > a
0 otherwise.
The mapping S : E → E is well defined since Sx(·) is eventually zero and, by the
change of variable,∫ ∞
a
∣∣∣w−(t−a)px(t− a)∣∣∣p dt ≤ ∫ ∞
0
w−tp|x(t)|p dt ≤
∫ ∞
0
|x(t)|p dt <∞.
It is easy to see that,
TS = I.
Let x ∈ E represented by x(·) be arbitrary and suppx be the support of x(·), i.e.,
the closure of the set
{t ∈ (0,∞) |x(t) 6= 0} .
Since x(·) is eventually zero,
∃N ∈ N : suppx ⊆ [0, Na].
By the definition of T ,
∀n ≥ N : Tnx = 0,
and hence,
Tnx→ 0, n→∞.
Next, we are to show that
∀x ∈ E : Snx→ 0, n→∞.
Let x ∈ E be arbitrary. Inductively, for any n ∈ N,
(4.8) (Snx)(t) =
{
w−nt+
n(n+1)a
2 x(t− na) t > na
0 otherwise.
Since
‖Snx‖pp =
∫ ∞
0
|(Snx)(t)|p dt =
∫ ∞
na
∣∣∣w−nt+n(n+1)a2 x(t− na)∣∣∣p dt
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≤
(
w−n·na+
n(n+1)a
2
)p ∫ ∞
na
|x(t− na)|p dt
=
(
w−
n(n−1)a
2
)p ∫ ∞
0
|x(t)|p dt
=
[
(wap)
−n−12
]n
‖x‖pp, n ∈ N,
and, since wap > 1,
∃N ∈ N ∀n ≥ N : (wap)−n−12 ≤ 1
2
,
then, for all n ≥ N ,
‖Snx‖pp ≤
[
(wap)
−n−12
]n
‖x‖pp ≤
(
1
2
)n
‖x‖pp → 0, n→∞.
Thus, by the Sufficient Condition for Hypercyclicity (Theorem 2.2), the operator
T is hypercyclic.
Now, we are to show that T has a dense set of periodic points. By the denseness
in Lp(0,∞) (1 ≤ p < ∞) of the equivalence classes represented by p-integrable
eventually zero functions, it suffices to approximate any such a class by periodic
points of T .
First, for any x ∈ Lp(0, Na) represented by a p-integrable function x(·) and an
arbitrary N ∈ N, the class xN ∈ Lp(0,∞) with the following representative
(4.9) xN (t) := w
−kNt+ kN(kN+1)a2 x(t− kNa), t ∈ [kNa, (k + 1)Na), k ∈ Z+,
is a periodic point of T with period N . Indeed, with
Dk := [kNa, (k + 1)Na), k ∈ Z+,
we have,∫ ∞
0
|xN (t)|p dt =
∞∑
k=0
∫
Dk
∣∣∣w−kNt+ kN(kN+1)a2 x(t)∣∣∣p dt
=
∞∑
k=0
∫
Dk
((
w−t+
(kN+1)a
2
)pN)k
|x(t− kNa)|p dt
≤
∞∑
k=0
((
w−kNa+
(kN+1)a
2
)pN)k
‖x‖pp =
∞∑
k=0
((
w−
kN−1
2
)pNa)k
‖x‖pp.
Considering that w > 1,
∃M ∈ N ∀ k ≥M :
(
w−
kN−1
2
)pNa
<
1
2
.
Hence, by the Comparison Test, the series
∞∑
k=0
((
w−
kN−1
2
)pNa)k
‖x‖pp,
converges, which implies that∫ ∞
0
|xN (t)|p dt ≤
∞∑
k=0
((
w−
kN−1
2
)pNa)k
‖x‖pp <∞.
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Hence,
∀n ∈ N : xN ∈ Lp(0,∞).
Let y be an arbitrary class in Lp(0,∞) represented by a p-integrable on (0,∞)
eventually zero function y(·). Then,
∃n ∈ N : y(t) = 0, t > na.
Let yN be the periodic point of T of an arbitrary period N ≥ n defined based on
y(·) as in (4.9).
Now, we show that the y can be approximated by a periodic point yN . We first
observe that, for all N ∈ N sufficiently large and k ∈ N,
w−kNt+
kN(kN+1)a
2 ≤ w− kN−12 ≤ w−N−12 < 1.
Using the above estimate, we now approximate the class y which belongs to a dense
set by the periodic point yN yielding in view of (4.9), and w > 1,
‖y − yN‖pp =
∫ ∞
0
|y(t)− yN (t)|p dt =
∞∑
k=1
∫
Dk
∣∣∣w−kNt+ kN(kN+1)a2 x(t)∣∣∣p dt
=
∞∑
k=1
∫
Dk
w−kN ·kNa+
kN(kN+1)a
2 |x(t− kNa)|p dt
≤
∞∑
k=1
[(
w−
kN−1
2
)pNa]k
‖x‖pp ≤
∞∑
k=1
[(
w−
N−1
2
)pNa]k
‖x‖pp
=
(
w−
N−1
2
)pNa
1−
(
w−
N−1
2
)pNa ‖x‖pp = w−N−12 pNa
1− w−N−12 pNa
‖x‖pp → 0, N →∞.
This implies that the set Per(T ) of periodic points of T is dense in Lp(0,∞), and
hence, the operator T is a chaotic.
Now, assuming that the space Lp(0,∞) is complex, we analyze the spectrum of T .
Let λ ∈ C and a nonzero y ∈ Lp(0, a) with a representative y(·) be arbitrary, then
(4.10) x(t) := λnw−nt+
n(n+1)a
2 y(t− an), t ∈ [na, (n+ 1)a), n ∈ Z+.
Note that Equation (4.10) represents a nonzero class x ∈ Lp(0,∞) which satisfies
the following equation
(4.11) Tx = λx.
Indeed, let
Dn := [na, (n+ 1)a), n ∈ Z+,
then∫ ∞
0
|x(t)|p dt =
∞∑
n=0
∫
Dn
∣∣∣λnw−nt+n(n+1)a2 y(t− an)∣∣∣p dt
10 JOHN M. JIMENEZ AND MARAT V. MARKIN
≤
∞∑
n=0
∫
Dn
λnw−n·na+
n(n+1)a
2 |y(t− an)|p dt
≤
∞∑
n=0
(∣∣∣λw−na+ (n+1)a2 ∣∣∣p)n ‖y‖pp = ∞∑
n=0
(∣∣∣λw− (n−1)a2 ∣∣∣p)n ‖y‖pp.
Considering that w > 1,
∃N ∈ N ∀n ≥ N :
∣∣∣λw− (n−1)a2 ∣∣∣p < 1
2
.
Hence, by the Comparison Test, the series
∞∑
n=0
(∣∣∣λw− (n−1)a2 ∣∣∣p)n ‖y‖pp
converges.
Thus ∫ ∞
0
|x(t)|p dt ≤
∞∑
n=0
(∣∣∣λw− (n−1)a2 ∣∣∣p)n ‖y‖pp <∞.
Consequently,
x ∈ Lp(0,∞) \ {0}.
For an arbitrary λ ∈ C, as easily follows from the definition of x (see (4.10)), x
satisfies Equation (4.11), and hence, is an eigenvector associated with λ. Thus,
σ(T ) = σp(T ) = C,
which completes the proof. 
5. Unbounded Chaotic Operator in C0[0,∞)
Recall that (C0[0,∞), ‖ · ‖∞) is the Banach space of continuous on [0,∞) real- or
complex-valued functions with the zero limit as t→∞ and
C0[0,∞) 3 x 7→ ‖x‖∞ := max
t≥0
|x(t)|.
The case of the bounded weighted backward shift operator
(Tx)(t) := wx(t+ a), t ≥ 0,
where |w| > 1 and a > 0, in (C0[0,∞), ‖ · ‖∞) is considered in [1] and is similar to
Theorem 3.1.
Theorem 5.1. In the (real or complex) space (C0[0,∞), ‖ · ‖∞), the unbounded
weighted backward shift operator
(5.12) (Tx)(t) := wtx(t+ a), x ∈ C0[0,∞), t ≥ 0,
where w > 1 and a > 0, with domain
D(T ) :=
{
x ∈ C0[0,∞) | lim
t→∞w
tx(t+ a) = 0
}
,
is chaotic. Moreover, provided the space is complex,
σ(T ) = σp(T ) = C.
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Proof. We first show that the operator T is unbounded. Consider xn ∈ D(T ) such
that ‖xn‖∞ = 1.
Consider the function,
xn(t) :=
{
1, t ∈ [0, na),
w−(t−na), t ≥ na.
Since w > 1,
‖Txn‖∞ = max
t≥0
∣∣wtxn(t+ a)∣∣ ≥ max
t≥na
∣∣∣wtw−(t+a−na)∣∣∣ = w(n−1)a →∞, n→∞.
Thus, the operator T is unbounded.
Now, we show that, for each m ∈ N, the operator Tm is closed for each m ∈ N. Let
a sequence (xn)n∈N be such that
D(Tm) 3 xn → x ∈ C0[0,∞), n→∞,
and
Tmxn → y ∈ C0[0,∞), n→∞.
Then, for each t ≥ 0,
xn(t)→ x(t), n→∞,
and
Tmxn(t)→ y(t), n→∞.
Therefore, for each t ≥ 0,
Tmxn(t) = w
mt+
m(m−1)a
2 xn(t+ma)→ wmt+
m(m−1)a
2 x(t+ma), n→∞.
Which implies that
wmt+
m(m−1)a
2 x(t+ma) = y(t), t ≥ 0.
and hence,
x ∈ D(Tm) and Tmx = y.
This proves the closedness of Tm.
Let E be the dense set, in C0[0,∞), of continuous functions with compact support
(see, e.g., [5]). Note that
E ⊆ C∞(T ).
Consider
E 3 x 7→ (Sx) ∈ E
where (Sx) is defined by
(Sx)(t) =

x(0)
a
t, t < a,
w−(t−a)x(t− a), t ≥ a,
The mapping S : E 7→ E is well defined. Indeed w−(t−a)x(t − a) is continuous
since continuity is preserved under composition and multiplication of continuous
functions. Since x is still a continuous function with compact support, i.e. x is
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zero outside of some compact set, then Sx is a continuous function with compact
support. Thus, (Sx)(t) ∈ C0[0,∞) so that S is well defined.
One can easily verify that
TS = I.
We now show that Tnx → 0, n → ∞ for arbitrary x ∈ E . Indeed, let x ∈ E be
arbitrary. Since x(t) is eventually zero, there exists some
∃N ∈ N : suppx ⊆ [0, Na].
By the definition of T ,
∀n ≥ N : Tnx = 0
which implies that Tnx→ 0, n→∞.
Next, we are to show that Snx→ 0 as n→∞.
Let x ∈ E be arbitrary. Inductively, for any n ∈ N,
(Snx)(t) =
w
−n(n−1)a
2 x(0)
na t, t < na,
w−nt+
n(n+1)a
2 x(t− na), t ≥ na,
Hence, by considering the cases of
max
t∈[0,∞)
∣∣∣w−nt+n(n+1)a2 x(t− na)∣∣∣
attained either on [0, na) or on [na,∞), we arrive at the estimate
‖Snx‖∞ = max
t∈[0,∞)
∣∣∣w−nt+n(n+1)a2 x(t− na)∣∣∣ ≤ w−n(n−1)a2 ‖x‖∞.
Since w > 1,
‖Snx‖∞ ≤ w−
n(n−1)a
2 ‖x‖∞ → 0, n→∞.
This verifies the hypercyclicity of T via the Sufficient Condition for Hypercyclicity
(Theorem 2.2).
Now, we show that the set of periodic points of T is dense in C0[0,∞). Let x(t)
be continuous on [0, t0] such that x(t) = 0 for t ≥ t0. We choose N ∈ N so that
t0 < Na.
For k ∈ Z+,
(5.13)
xN (t) :=
w
−kNt+ kN(kN+1)a2 x(t− kNa), t ∈
[
kNa, t0+(2k+1)Na2
)
,
linear t ∈
[
t0+(2k+1)Na
2 , (k + 1)Na
)
,
is a periodic point in C0[0,∞) with period N . With Dk := [kNa, (k + 1)Na), k ∈
Z+,
max
t∈Dk
|xN (t)| = max
t∈Dk
∣∣∣w−kNt+ kN(kN+1)a2 x(t)∣∣∣
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≤ max
t∈Dk
∣∣∣w−kN ·kNa+ kN(kN+1)a2 x(t)∣∣∣ ≤ w− kN(kN−1)a2 ‖x‖∞.
Since w > 1,
max
t∈Dk
|xN (t)| ≤ w−
kN(kN−1)a
2 ‖x‖∞ → 0, k →∞.
Thus xN ∈ C0[0,∞).
Let y ∈ E be arbitrary. Then
∃n ∈ N : y(t) = 0, t ≥ na.
Let yN be the periodic point of T of an arbitrary period N > n defined based on y
as in (5.13) where t0 = na.
Then, in view of w > 1,
‖y − yN‖∞ = max
t∈[0,∞)
|y(t)− xN (t)| = max
t∈[kNa,∞)
∣∣∣w−kNt+ kN(kN+1)a2 y(t− kNa)∣∣∣
≤ max
t∈[kNa,∞)
∣∣∣w−kN ·kNa+ kN(kN+1)a2 ∣∣∣ ‖y‖∞ = w− kN(kN−1)a2 ‖y‖∞.
Thus,
‖y − yN‖∞ ≤ w−
kN(kN−1)a
2 ‖y‖∞ → 0, N →∞.
Since y is an arbitrary element in E , which is dense in C0[0,∞), the set of periodic
points is also dense in C0[0,∞). Thus, the operator T is chaotic.
Now, assuming that the space C0[0,∞) is complex, we analyze the spectrum of T .
Let λ ∈ C and a nonzero y ∈ C0[0, a], with y(0) = y(a) = 0, be arbitrary.
Then
(5.14) x(t) := λnw−nt+
n(n+1)a
2 y(t− an), t ∈ [na, (n+ 1)a), n ∈ Z+,
represents a nonzero function x ∈ C0[0,∞) which satisfies the equation
(5.15) Tx = λx.
Indeed, let
Dn := [na, (n+ 1)a), n ∈ Z+.
Then
max
t≥0
|x(t)| = max
t∈Dn
∣∣∣λnw−nt+n(n+1)a2 y(t− an)∣∣∣
≤ max
t∈Dn
∣∣∣λnw−n·na+n(n+1)a2 y(t− an)∣∣∣
≤
∣∣∣λnw−n(n−1)a2 ∣∣∣ ‖y‖∞ = ∣∣∣λw−(n−1)a2 ∣∣∣n ‖y‖∞.
Considering that w > 1,
∃N ∈ N ∀n ≥ N :
∣∣∣λw− (n−1)a2 ∣∣∣n < (1
2
)n
→ 0, n→∞.
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Hence,
x ∈ C0[0,∞) \ {0}.
For an arbitrary λ ∈ C, as easily follows from the definition of x (see (5.14)), x
satisfies Equation (5.15), and hence, is an eigenvector associated with λ.
Thus,
σ(T ) = σp(T ) = C,
which completes the proof. 
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